Abstract-In this paper, we propose an arbitrary scale enlargement method of digital images based on the Laplacian pyramid (LP) representation. Through the calculation of the arbitrary scale LP stages we obtain the ability of arbitrary scale enlargement, which solves the problem that the conventional LP enlargement methods are only capable of expanding an image up by a factor of two in size. Experimental results show that the proposed method can work effectively on arbitrary scale image enlargement.
I. INTRODUCTION
Enlargement is a prime technique in image processing. It is used in many important applications such as digital highdefinition television, big screen display, copy and print machine, medical imaging and so on. Some typical enlargement methods, such as the bilinear, cubic and bicubic methods [1] , are used widely.
However, the problem of typical enlargement methods is that the enlarged images will appear blurred because the high frequency components of the enlarged images are not enough. For solving this problem, some resolution enhancement (RE) methods were proposed. They can predict or find the unknown high frequency components and then to obtain high-resolution enlarged images. Most of the studies done in the resolution enhancement are from a group of low-resolution image frames to extract one high-resolution image, and they are called multi-image resolution enhancement (MIRE) methods [2] - [5] . MIRE methods often require a very heavy computational load. Moreover, they have not considered the condition that only one low-resolution image is supplied. Therefore, the resolution enhancement methods based on one low-resolution image were also proposed, and they are called one-image resolution enhancement (OIRE) methods [6] - [12] . Ref. [6] uses the DCT iteration method for RE enlargement, and [7] uses the orthogonal wavelet transform method for RE enlargement. OIRE methods [8] - [11] are based on the Laplacian pyramid (LP) representation. They are called LP methods. Utilizing the characteristic that the LP stages at different resolutions have the similar structure in the neighborhoods of the zerocrossing point, the LP methods can predict the unknown high frequency components to enhance the resolution of lowresolution images. Unfortunately, the LP methods of [8] - [11] are limited to the integer LP stages calculation, and thus they are only capable of expanding an image up by a factor of two in size (so called "zoom in"). In fact, we also need the enlargement scales as 1.41 times, 2.15 times and so on for many enlargement applications. Thus, in this paper we propose a new LP method that uses the calculation of the arbitrary scale stages of the Laplacian pyramid to obtain arbitrary scale enlargement ability. The proposed LP method has two parameters in the prediction of the unknown high frequency components. The parameters are evaluated via the response of the Laplacian pyramid to the unit step signal.
This paper is organized as follows. The Gaussian-and Laplacian-pyramid representations are described in Section II.A. The "zoom in" LP method is briefly reviewed in Section II.B. The proposed method is presented in Section II.C. In Sections III, the parameter evaluation is given. In Section IV, we illustrate the experimental results and compare the proposed method with the typical enlargement methods to show the effectiveness of the proposed method. Finally, the conclusion is included in Section V.
II. ARBITRARY SCALE ENLARGEMENT METHOD BASED ON THE LAPLACIAN PYRAMID REPRESENTATION

A. Gaussian-and Laplacian-Pyramid Representations
The Gaussian-and the Laplacian-pyramid representations, which were described by Burt and Adelson in [12] , are one of the multi-resolution frameworks.
We refer to the Gaussian pyramid stages as ¼ , ½ , ¾ ,..., Ò , in which the stage ¼ shows the original input image. The upward low-resolution stage Ò·½ is given by
where £ is the convolution operator and Ï Ð is the half-band Gaussian filter. The size of Ò·½ is half of the size of Ò .
The Laplacian pyramid stages are composed of high-pass filtered versions (high frequency components) of the corresponding Gaussian pyramid stages. The stages Ä ¼ , Ä ½ , Ä ¾ ,..., Ä Ò of the Laplacian pyramid are constructed by The up-sampled version ¼ Ò·½ is obtained by interpolating zeros into Ò·½ .
If we regard the Gaussian pyramid stage ¼ as a step signal, the forms of Laplacian pyramid stages are shown in Fig. 1 .
B. "Zoom in" Method Based on the Laplacian Pyramid Representation
From the image pyramid algorithm we know that the size of ½ is 2 times of the size of ¼ . In (3) From Fig. 1 we can find that the LP stages of a step signal have the similar structure, and the difference is only that the slope is different in the neighborhoods of the zero-crossing point. Therefore, we can predict the high frequency stage Ä ½ by changing the slope of the stage Ä ¼ near the zerocrossing point [8] - [11] . However, [8] - [11] are limited to the representation of the integer pyramid stages and only have the ability of expanding an image up by a factor of two in size. In many applications we also need arbitrary enlargement scales, such as 1.41 times and so on. Thus, in next section we present a new enlargement method for arbitrary scale enlargement based on the Laplacian pyramid representation.
C. Proposed Arbitrary Scale LP Enlargement Method
We know that the relationship of the image pyramid representations exists not only among the integer stages but also among the non-integer stages. Then, we denote the stage index of an arbitrary scale pyramid stage as Ö. When Ö ¼, it means that the pyramid stages are high-resolution stages. In the proposed enlargement algorithm, we always have Ö ¼.
In (6) we can replace ½ with Ö, and then we have an enlarged high-resolution image of arbitrary scale as Ö Ä Ö · ÜÔ Ò Ö´ ¼ µ´Ö ¼µ (7) in which Ö is ¾ Ö times high-resolution image of where Ð Ö´ µ is the pixel value of ÜÔ Ò Ö´Ä¼ µ and Ð ¼´ µ is the pixel value of Ä ¼ .
From the LP representation of a step signal in Fig. 1 , we have known that changing the slope of known LP stage near zero crossing point can predict unknown LP stages. Therefore, we can give the equations for the prediction of Ä Ö as
where Ð Ö´ µ is the pixel value of ÜÔ Ò Ö´Ä¼ µ, Ð Ö´ µ Ñ Ü is the maximum pixel value of ÜÔ Ò Ö´Ä¼ µ and Ð Ö´ µ is the pixel value of the predicted Ä Ö . The parameter Ì is a threshold, which is decided by the clipping parameter Ö . The parameter « Ö is a constant, which fits the slope of ÜÔ Ò Ö´Ä¼ µ to the slope of Ä Ö . Both of them should be pre-determined. In the next section, we present how to evaluate « Ö and Ö .
III. PARAMETER EVALUATION
We have known that a step signal can show the relationship of the LP representation clearly. Therefore, the unit step signal is used as an ideal input for our evaluation. In [8] a similar thought was presented, but it is limited to the 2 times enlargement scale. In this section, we expand the evaluation of [8] to arbitrary enlargement scales.
It is known that the PSF (Point Spread Function), which is the optical system function, is the Gaussian function with standard deviation ¼ (normally ¼ ¼ ). Then, we have the equation of the PSF as
The response of the PSF to the unit step signal is the convolution of the PSF and the unit step signal. It is equal to the integral probability distribution of the PSF from ½ to Ü. We denote the unit step signal as Í´Üµ, and the convolution result Ê Í´Üµ is given as Ê Í´Üµ
We regard this response as the Gaussian pyramid stage ¼ of Í´Üµ. Thus, we have
If we sample ¼ Í´Üµ with distance 1, the Gaussian pyramid stage Ö , of which resolution is Ë times higher than the resolution of ¼ , should be sampled with distance ½ Ë. Thus, Ö Í´Üµ is equal to the integral probability distribution of the Gaussian function from ½ to Ü with Ö ¼ Ë. 
The positions Ü ¼Ñ Ü and Ü ÖÑ Ü are the Ä ¼ maximum value position and the Ä Ö maximum value position, respectively.
From (16) and (17), we then obtain the two parameters in our algorithm as
where Ü ¼Ñ Ü and Ü ÖÑ Ü are calculated from
IV. EXPERIMENTAL RESULTS AND COMPARISON
We give some enlarged results at 1.41 times enlargement scale using the bilinear method, the bicubic method and the proposed method. For doing the comparison between the proposed method and the typical enlargement methods, we first use the Gaussian filter to low-pass the existing Lenna imagé ¾ ¢ ¾ µ. Then, we down-sample the low-passed Lenna image to 1/1.41 times of its original size. Next, we utilize the proposed method, the bilinear method and the bicubic method to enlarge the down-sampled Lenna image to its original size. Finally, we compare the enlarged Lenna images with the original Lenna image to get the MSE values. The smaller MSE value means that the enlarged result has the higher accuracy.
The enlarged results are shown in Fig. 2 . In Fig. 2 , the enlarged result using the proposed method is clearer than the enlarged results using the bilinear and bicubic methods. From the MSE values of the 3 enlarged results, we can also see that the enlarged result using the proposed method has the highest enlarged accuracy. 
V. CONCLUSION
The proposed method for image enlargement of arbitrary scale utilizes only one low-resolution image and its Laplacian pyramid representation to obtain the high-resolution enlarged image. Through the calculation of arbitrary scale stages of the image pyramids, we realize the ability of arbitrary scale enlargement. To evaluate the two parameters of the proposed algorithm, we analyze the responses of the unit step signal in the image pyramid representations of arbitrary scale.
